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mathematical biology, we have provided a uni-
fied picture of what happened on the Millen-
nium Bridge five years ago, both for the bridge
vibrations and the crowd dynamics. The
approach suggested here may also prove useful
for estimating the damping needed to safe-
guard other bridges, present and future, against
synchronous lateral excitation by pedestrians. 
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Nanoscale structures that could mimic the
selective transport and extraordinarily fast
flow possible in biological cellular channels
would have a wide range of potential applica-
tions. Here we show that liquid flow through a
membrane composed of an array of aligned
carbon nanotubes is four to five orders of mag-
nitude faster than would be predicted from
conventional fluid-flow theory. This high fluid
velocity results from an almost frictionless
interface at the carbon-nanotube wall.

Biological channels act as chemically selec-
tive gatekeepers and have protein walls that
allow extremely rapid transit1. Nanometre-scale
pores with chemical selectivity have been pre-
pared2,3 but fluid flow through them is slow: this
limitation is predicted by the Hagen–Poiseuille
equation and is because conventional laminar
flow has zero fluid velocity at the pore walls. 

In theory, the flow of molecules inside carbon
nanotubes could be much faster. Water should
be able to flow fast through hydrophobic single-
walled carbon nanotubes because the process
creates ordered hydrogen bonds between the
water molecules4. Ordered hydrogen bonds
between water molecules and the weak attrac-
tion between the water and smooth carbon-

nanotube graphite sheets should then result in
almost frictionless and very rapid flow4. If a
theoretical volume rate comparable to that of
the protein channel aquaporin-1 (ref. 4) is
divided by the carbon-nanotube cross-sectional
area, the expected water flow velocity is about
90 cm s�1. Fast flow velocities are also pre-
dicted just from the frictionless nature of the
carbon-nanotube walls5 and from the rapid
diffusion of hydrocarbons6,7.

To realize these high flow velocities, we used
a freshly fabricated membrane consisting of
aligned multiwalled carbon nanotubes, with
graphitic inner cores (diameter about 7 nm)
and a high area density (5�1010 per cm2),
crossing a solid polystyrene film8. We mea-
sured the flow of water and a variety of sol-
vents through this membrane at about 1 atm
applied pressure (Table 1). In a control experi-
ment, we verified that no macroscopic defects
were present in the membrane and deter-
mined the available pore area (see supplemen-
tary information). 

We found that the flow rates are four to five
orders of magnitude faster than conventional
fluid flow would predict through pores of
7 nm diameter. Contrary to predictions based

on hydrodynamics, the flow
rate does not decrease with
increased viscosity (compare
hexane and water in Table 1).
The results also indicate that
flow velocity, when adjusted
for differences in viscosity,
increases for more hydrophilic
fluids. The flow of hydrogen-
bonded fluids decreases after a
few minutes, but this does not
occur with alkanes or aqueous
solutions of potassium chlor-
ide. Reduction in the flow of

associated liquids (water and alcohols) with
time can be attributed to flow-induced solvent
ordering or the formation of bubbles (our
unpublished results).

We conclude that these high fluid velocities
are possible because of a frictionless surface at
the carbon-nanotube wall. This result could be
explained in conventional terms of slip lengths,
which are remarkably long. The slip length 
is an extrapolation of the extra pore radius
required to give zero velocity at a hypothetical
pore wall (the boundary condition for conven-
tional materials). The observed slip lengths
(3–70 
m) are much longer than the pore
radius (3.5 nm) that is consistent with a nearly
frictionless interface. The slip length decreases
as solvents become more hydrophobic (Table
1), which indicates stronger interaction with the
carbon-nanotube wall. The observed flow
velocities for water (10–44 cm s�1) are close to
the extrapolated rate predicted for water flow
through single-walled carbon nanotubes (about
90 cm s�1)4. Butane flows through carbon
nanotubes at about 26 cm s�1 (ref. 6), which is
consistent with our measurement for hexane.

These results show that the speed of fluid
flow through the aligned carbon-nanotube
membrane approaches that through biological
channels. The membrane fabrication is scalable
to large areas, which could be useful industri-
ally for chemical separations; chemical func-
tionality is near the core entrance9 and each
side of the membrane can be independently
modified with different functional groups10.
These advantages also make the aligned 
carbon-nanotube membrane a promising
mimic of protein channels for transdermal
drug delivery and selective chemical sensing.
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Table 1 | Pressure-driven flow through aligned MWCNT membrane

Liquid Initial Observed flow Expected flow Slip length 
permeability* velocity† velocity† (mm)

Water 0.58 25 0.00057 54

1.01 43.9 0.00057 68

0.72 9.5 0.00015 39

Ethanol 0.35 4.5 0.00014 28

iso-Propanol 0.088 1.12 0.00077 13

Hexane 0.44 5.6 0.00052 9.5

Decane 0.053 0.67 0.00017 3.4  
MWCNT, multiwalled carbon nanotube. For details of methods, see supplementary
information. *Units, cm3 per cm2 min bar. †Flow velocities in cm s�1 at 1 bar.
Expected flow velocity is that predicted from conventional flow.

NANOSCALE HYDRODYNAMICS

Enhanced flow in carbon nanotubes
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Surface tension gives gas bubbles their perfect
spherical shape by minimizing the surface
area for a given volume1. Here we show that
gas bubbles and liquid drops can exist in 
stable, non-spherical shapes if the surface is
covered, or ‘armoured’, with a close-packed
monolayer of particles. When two spherical
armoured bubbles are fused, jamming of 
the particles on the interface supports the
unequal stresses that are necessary to stabilize
a non-spherical shape.

We have previously described a microfluidic
method for producing spherical armoured
bubbles that are all the same size2. The rigid
particles straddle the gas–liquid interface and
have mechanical properties distinct from
either constituent, forming what we call an
interfacial composite material. 

We find that fusion of these armoured 
bubbles, achieved by squeezing the bubbles
between two glass plates, produces a stable
ellipsoidal shape (Fig. 1 a–c) (for methods,
see supplementary information). The fused
armoured bubble is unable to relax to a spher-
ical shape by expelling particles: instead, the
jamming2 of the particles on the closed inter-
face, which is mediated by surface tension,
leads to non-minimal shapes. 

The non-trivial geometry of these bubbles
provides a natural means of understanding 

the state of stress in the interfacial composite
material. A balance of normal stresses at the
bubble surface demands that 

�P� �

where �P is the pressure jump across the sur-
face, R1 and R2 are the local principal radii of
curvature, and �1 and �2 are the corresponding
principal resultants of surface stress. There-
fore, if R1�/ R2, as is the case for non-spherical
bubbles, then �1�/ �2. A simple fluid interface
at equilibrium cannot support unequal
stresses3. But the bubble does, because of steric
jamming4 of the armour particles, so we term
the interfacial composite material a solid. 

The armoured bubbles can be remodelled
into various stable anisotropic shapes because
the interfacial composite material is able to
undergo extensive particle-scale rearrange-
ments in order to accommodate external
inhomogeneous stresses (our manuscript in
preparation). These shape changes occur with
apparently no hysteresis and at relatively low
forces, which is equivalent to perfect plasticity
in continuum mechanics. 

High aspect-ratio shapes with saddle cur-
vature can be maintained on the armoured

�2�
R2

�1�
R1

bubbles (Fig. 1d). This feature may be expl-
oited to change the topology of the bubble by
introducing a hole into the object, thereby
creating a stable genus-1 toroid (Fig. 1e). The
change in topology is irreversible5, and seems
to be the only permanent change associated
with the manipulation of the interfacial com-
posite material.

We have found that interfacial jamming is a
general phenomenon that occurs with particle
types such as polymethylmethacrylate, gold
and zirconium oxide, and that spans four
orders of magnitude in particle and bubble
sizes. Similar effects are evident with liquid
droplets of mineral oil that are covered with
rigid particles (Fig. 1f).

Stable, non-spherical shapes of pressur-
ized systems that have no obvious source of a
stress-bearing network have been reported
for dirty air bubbles in the ocean6 and for
various cellular organelles7. Also, systems
such as gelled lipids on air bubbles8 and 
protein-coated vesicles9 show plasticity. We
propose that a generic interfacial jamming
transition may explain the mechanical 
properties and structural stability of these
diverse systems. 
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Figure 1 | Non-spherical gas bubbles. In a–d, the bubbles are covered with charge-stabilized,
fluorescent polystyrene beads, each of 2.6 �m diameter. a, Two initially spherical armoured bubbles.
b, The bubbles are compressed between two glass plates (see supplementary information for details),
which exposes naked interfaces that spontaneously coalesce. c, The gas bubble maintains a stable
ellipsoidal shape even after the side plates are removed. d, Armoured bubble with a stable saddle
shape. e, The ability to maintain a saddle curvature allows a hole to be introduced into the bubble to
create a permanent change of topology into a genus-1 toroid; here the particles are ground zirconium,
of average diameter 200 �m. f, Non-spherical shapes can be similarly maintained on mineral-oil
droplets in water armoured with 4.0-�m fluorescent polystyrene particles. 
Scale bars (�m): a–c, 100; d, 200; e, 500; and f, 16.
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